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a b s t r a c t
An edge of a k-connected graph is said to be k-contractible if its contraction results in
a k-connected graph. A k-connected non-complete graph with no k-contractible edge, is
called contraction critical k-connected. An edge of a k-connected graph is called trivially
noncontractible if its two end vertices have a common neighbor of degree k. Ando [K.
Ando, Trivially noncontractible edges in a contraction critically 5-connected graph, Discrete
Math. 293 (2005) 61–72] proved that a contraction critical 5-connected graph on n
vertices has at least n/2 trivially noncontractible edges. Li [Xiangjun Li, Some results
about the contractible edge and the domination number of graphs, Guilin, Guangxi Normal
University, 2006 (in Chinese)] improved the lower bound to n+ 1. In this paper, the bound
is improved to the statement that any contraction critical 5-connected graph on n vertices
has at least 32n trivially noncontractible edges.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
We consider only finite and simple graphs. Basically, we follow the terminology of [3]. Let G = (V (G), E(G)) be a graph
with vertex set V (G) and edge set E(G). For a vertex x ∈ V (G), we denote the neighborhood of x by N(x), which is the set
of vertices adjacent to x. d(x) = |N(x)| denotes the degree of x. E(x) denotes the set of the edges incident with x. For a
nonempty set F ⊆ V (G), let N(F) = (⋃x∈F N(x)) − F and F = V (G) − (F ∪ N(F)). The set F , or the subgraph induced by
F , is called a fragment of G if F 6= ∅ and |N(F)| = κ(G), where κ(G) denotes the connectivity number of G. We also call F
an N(F)-fragment. A fragment with minimum cardinality is called an atom of G. An end of G is a fragment of G that contains
no other fragment as a proper subset. For a connected graph G, a subset S ⊆ V (G) is said to be a cut-set of G, provided that
G − S is not connected. A cut-set S is called a k-cut-set if |S| = k. Let TG be the set of all κ(G)-cut-sets of G. We denote by
V5(G) the set of vertices of degree 5.
Let G be a k-connected non-complete graph (where k ≥ 2), an edge of G is called k-contractible if its contraction results
also in a k-connected graph. An edge that is not k-contractible is called a non-contractible edge. If G does not have a k-
contractible edge, then G is called contraction critical k-connected. It is easy to see that a k-connected graph G is contraction
critical if and only if for each edge e = xy of G, G has a k-cut-set containing {x, y}. If the contraction of e ∈ E(G) results in a
graph with minimum degree k− 1, then e is called trivially noncontractible. In other words, e is trivially noncontractible if
and only if the two end vertices of e have a common neighbor of degree k. A k-connected graph G is called almost critical if,
for each fragment F of G, there is a k-cut-set T such that F ∩ T 6= ∅.
In 1961, Tutte [13] proved that any 3-connected graph with order at least 5, has a 3-contractible edge. On the other
hand, Thomassen [12] showed that for k ≥ 4 there are infinitely many k-connected k regular graphs that do not have
a k-contractible edge. So, it is natural to study the structure of contraction critical k-connected graphs. The contraction
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critical 4-connected graphs were characterized by Martinov [9], as two special classes of 4 regular graphs. For k ≥ 5, the
characterization for the contraction critical k-connected graphs seems to be very hard. In general, Egawa [4] showed that
every contraction critical k-connected graph has a vertex of degree atmost b 5k4 c−1. By Egawa’s result, theminimumdegree
of a contraction critical 5-connected graph is 5. Recent work has garnered further results in this direction.
Theorem 1 ([2,14]). Let G be a contraction critical 5-connected graph. Then each vertex of G has a neighbor of degree 5, and
thus G has at least 15 |G| vertices of degree 5.
Su [11] improved the results to the statement that any vertex of a contraction critical 5-connected graph G has at least
two neighbors of degree 5, and thus G has at least 25 |G| vertices of degree 5. Qin [10] improved the lower bound to 49 |G|, and
recently, we gave a new lower bound 12 |G|(submitted).
Thomassen [12] proved that any contraction critical k-connected graph contains one triangle. Mader [8] obtained that
every contraction critical k-connected graphG contains at least 13 |G| triangles. Recently, Kriesell [5] further improvedMader’s
result to the statement that a contraction critical k-connected graph G contains at least 2|G|/3 triangles.
From these results, wemay expect that a contraction critical 5-connected graph hasmany trivially noncontractible edges.
Motivated by this, Ando [1] considered the distribution of the trivially noncontractible edges in a contraction critical 5-
connected graph and proved the following result.
Theorem 2 ([1]). Each contraction critically 5-connected graph of order n has at least n/2 trivially noncontractible edges.
Ando guessed that the lower bound of Theorem2 can be improved to |G|, and even to 2|G|, and he proposed his problem in
the China–Japan Joint Conference on Discrete Geometry, Combinatorics and Graph Theory (2005). Recently, Li [7] obtained
that:
Theorem 3. Any contraction critical 5-connected graph G has at least |G| + 1 trivially noncontractible edges.
We further prove the following result in this paper.
Theorem 4. Let G be a contraction critical 5-connected graph. Then, G has at least 32 |G| trivially noncontractible edges.
2. Proof of Theorem 4
In this section, we will prove Theorem 4. In order to prove the bound, we count the number of trivially noncontractible
edges around each vertex. If each vertex has three or more trivially noncontractible edges incident with it, the bound 32 |G|
follows immediately. But Gmay have a vertex with which fewer than three trivially noncontractible edges are incident. We
then investigate a local structure around such vertices and find a characteristic configuration around them,which enables us
to assign additional trivially noncontractible edges. Firstly, we state night lemmas. For the fragments, we have the following
properties.
Lemma 1 ([8]). Let F and F ′ be two distinct fragments of G, T = N(F), T ′ = N(F ′).
(1) If F ∩ F ′ 6= ∅, then |F ∩ T ′| ≥ |F ′ ∩ T |, |F ′ ∩ T | ≥ |F ∩ T ′|.
(2) If F∩F ′ 6= ∅ 6= F∩F ′, then both F∩F ′ and F∩F ′ are fragments of G, andN(F∩F ′) = (T∩T ′)∪(T∩F ′)∪(F∩T ′),N(F∩F ′) =
(T ∩ T ′) ∪ (T ∩ F ′) ∪ (F ∩ T ′).
Proof. If F ∩ F ′ 6= ∅, then |F ∩ T ′| + |T ′ ∩ T | + |F ′ ∩ T | ≥ 5. Note that |T | = |F ′ ∩ T | + |T ′ ∩ T | + |F ′ ∩ T | = 5 and
|T ′| = |F ∩ T ′| + |T ′ ∩ T | + |F ∩ T ′| = 5; thus, we have |F ∩ T ′| ≥ |F ′ ∩ T | and |F ′ ∩ T | ≥ |F ∩ T ′|, so (1) holds.
If F ∩ F ′ 6= ∅ 6= F ∩ F ′, for F ∩ F ′ we have |F ∩ T ′| ≥ |F ′ ∩ T | and |F ′ ∩ T | ≥ |F ∩ T ′| by (1). Similarly for F ∩ F ′
we have |F ′ ∩ T | ≥ |F ∩ T ′| and |F ∩ T ′| ≥ |F ′ ∩ T |. Then |F ∩ T ′| = |F ′ ∩ T | and |F ′ ∩ T | = |F ∩ T ′|. It follows that
|F ∩ T ′| + |T ′ ∩ T | + |F ′ ∩ T | = 5 and |F ′ ∩ T | + |T ′ ∩ T | + |F ∩ T ′| = 5; hence, both F ∩ F ′ and F ∩ F ′ are fragments of G,
and N(F ∩ F ′) = (T ∩ T ′) ∪ (T ∩ F ′) ∪ (F ∩ T ′), N(F ∩ F ′) = (T ∩ T ′) ∪ (T ∩ F ′) ∪ (F ∩ T ′). And the proof of Lemma 1 is
completed. 
Lemma 2. Let G be a contraction critical 5-connected graph, x ∈ V (G), F a fragment of G and x ∈ N(F). If |F | ≥ 3, |F | ≥ 2,
and N(x) ∩ F = {x1}, then there is a vertex x2 ∈ V (G) such that x2 ∈ N(F) ∩ N(x) ∩ N(x1) ∩ V5(G).
Proof. Let T1 be a 5-cut-set containing {x, x1}, F1 a T1-fragment of G.
We first assume F∩F1 6= ∅. Since N(x)∩(F∩F1) = ∅, we have that |F∩T1|+|T1∩N(F)|+|N(F)∩F1| ≥ 6 and F∩F 1 = ∅
by Lemma 1. If F ∩ F 1 6= ∅, then |F ∩ T1|+ |T1 ∩N(F)|+ |N(F)∩ F 1| ≥ 6 and F1 ∩ F = ∅ by the same reasoning as above. So,
|F1 ∩ N(F)| ≥ |F | + 1 ≥ 3, |F 1 ∩ N(F)| ≥ |F | + 1 ≥ 3; thus, we obtain |N(F)| ≥ 7, a contradiction. If F ∩ F 1 = ∅, we have
|F 1| = |F 1 ∩ N(F)| = 1. For otherwise, |F 1 ∩ N(F)| ≥ 2, |T1 ∩ F | ≥ |F 1 ∩ N(F)| + 1 ≥ 3, |T1 ∩ F | ≤ 1, F1 ∩ F = ∅, |F | = 1,
which contradicts |F | ≥ 2. Then we let F 1 = {x2}, we get x2 ∈ N(F) ∩ N(x) ∩ N(x1) ∩ V5(G) and Lemma 2 holds. By
symmetry, if we assume F ∩ F 1 6= ∅, we also have that Lemma 2 holds.
That is to say, we only need to prove the case of F ⊆ T1. We know |F | ≥ 3, x ∈ T1 ∩ N(F), |T1| = 5, then
we get |T1 ∩ F | ≤ 1. Since |F | ≥ 2, we assume that F1 ∩ F 6= ∅ without loss of generality, and we then obtain
|F1 ∩ N(F)| ≥ |F | ≥ 3, |F 1 ∩ N(F)| ≤ 1, F ∩ F 1 = ∅, and |F 1| = |F 1 ∩ N(F)| = 1. Let F 1 = {x2}, we get
x2 ∈ N(F) ∩ N(x) ∩ N(x1) ∩ V5(G), and Lemma 2 holds. 
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Lemma 3 ([8]). Every almost critical, non-complete graph G has fragments F1, F2, F3, F4 such that F1, F2, F3, and F4∩ (⋃ TG) are
disjoint.
Lemma 4 ([6]). Let G be a contraction critical k-connected graph, and let A be an atom of G, or a set consisting of a single vertex
of G, or a set of vertices with |NG(A)| ≥ k such that there is a pair (a′, t ′) ∈ A × NG(A) such that a and t are adjacent if
(a, t) ∈ A× NG(A)− {(a′, t ′)}. Then, G− A is almost critical of connectivity k− |A|, NG(A) ⊆⋃ TG−A and every T-fragment of
G− A is a T ∪ A-fragment of G.
Lemma 5. Let G be a contraction critical 5-connected graph and B = {b1, b2} a fragment of G. If d(b1) = 6, then G − B
is an almost critical 3-connected graph, and G − B has fragments F1, F2, F3, F4 such that Fi = {ui} ⊆ V5(G), i = 1, 2, 3,
and {u1, u2, u3} ⊆ N(b1) ∩ N(b2), F4 ∩ N(B) ∩ {u1, u2, u3} = ∅.
Proof. Since d(b1) = 6, it follows that G − B is an almost critical 3-connected graph by Lemma 4. Then, by Lemma 3,
G − B has four fragments F1, F2, F3, F4 such that F1 ∩ N(B), F2 ∩ N(B), F3 ∩ N(B), F4 ∩ N(B) are pairwise disjoint. So,
4 ≤∑4i=1 |Fi∩N(B)| ≤ 5.Without loss of the generality,wemay assume |F1∩N(B)| ≤ |F2∩N(B)| ≤ |F3∩N(B)| ≤ |F4∩N(B)|,
then |F1 ∩ N(B)| = |F2 ∩ N(B)| = |F3 ∩ N(B)| = 1, 1 ≤ |F4 ∩ N(B)| ≤ 2. For i = 1, 2, 3, let Fi ∩ N(B) = {ui}.
By |Fi ∩ N(B)| = 1 < 2 = |B| = |B ∩ N(Fi)|, we have Fi ∩ B = ∅; hence, |Fi| = |Fi ∩ N(B)| = 1, ui ∈ V5(G) ∩ N(b1) ∩ N(b2),
and F4 ∩ N(B) ∩ {u1, u2, u3} = ∅. This proves Lemma 5. 
In the work below, we will always assume that G is a contraction critical 5-connected graph. Let E∗ denote the set of the
trivially noncontractible edges of G, and let β(x) = |E(x) ∩ E∗|. LetM0(x) = {y ∈ V (G)|xy ∈ E∗},M1(x) = {y ∈ V (G)|xy ∈
E(G)− E∗}; clearly, N(x) = M0(x) ∪M1(x).
Define the configuration D1: let A = {v, vx} be a fragment, and N(A) = {y1, y2, x, y, z}, N(vx) = {y1, y2, x, z, v},
N(v) = {vx, y1, y2, y, z}, xy, yz ∈ E(G), vx, y ∈ M1(x), vx, v, z ∈ V5(G), and thus β(vx) = 4. Let vx correspond to x,
since xvx 6∈ E∗ and y1vx, y2vx, zvx, vvx ∈ E∗, then each vertex vx lies in configuration D1 with at most one vertex x.
Define the configuration D2: let A = {u, v} be a fragment, and N(A) = {y1, y2, y3, x, y}, N(u) = N(A) ∪ {v},
N(v) = {u, y1, y2, y3, y}, xy ∈ E(G), u ∈ M0(x), y ∈ M1(x), v, y1, y2 ∈ V5(G), and thus d(u) = 6, β(u) = 6. Let u
correspond to x, and we deduce that each vertex u lies in configuration D2 with at most one vertex x. Suppose that u lies in
configuration D2 with another vertex z 6= x, let A′ = {u, vz} be a fragment with z ∈ N(A′) and A′ ∪N(A′) a D2 configuration,
then z ∈ {v} ∪ (N(A) − {x}), vz 6= v (for otherwise vx ∈ E(G), a contradiction). Hence, u ∈ A ∩ A′, v ∈ A ∩ N(A′), vz ∈
A′ ∩ N(A), |N(A) ∩ N(A′)| = 4, it follows that N(A) ∩ N(A′) is a 4-cut-set, a contradiction.
Lemma 6 ([7]). Let G be a contraction critical 5-connected graph, F a fragment of G and x ∈ N(F),N(F) ∩ M1(x) 6= ∅
(thus |F | ≥ 2, |F | ≥ 2). If M0(x)∩F = ∅, then there exists a fragment A contained in F such that x ∈ N(A),N(A)∩M1(x) 6= ∅,
and A ∪ N(A) forms configuration D1.
Outline of proof. We can choose a minimal fragment A contained in F such that x ∈ N(A) and N(A) ∩ M1(x) 6= ∅. Then,
M0(x) ∩ A = ∅ and |A| ≥ 2, |A| ≥ 2. If |A| ≥ 3, let u ∈ M1(x) ∩ A, pick a 5-cut-set T1 ⊇ {x, u}, and let F1 be a T1-fragment;
then we can deduce a contradiction. So, |A| = 2. Let A = {v, vx} and N(A) = {y1, y2, x, y, z}, vx, y ∈ M1(x); we can then
deduce that A ∪ N(A) forms configuration D1.
Lemma 7. Let G be a contraction critical 5-connected graph, F a fragment of G and x ∈ N(F), If M0(x)∩F = ∅, |F | ≥ 3, |F | ≥ 2,
then there exists a fragment A contained in F such that x ∈ N(A),N(A) ∩M1(x) 6= ∅, and A ∪ N(A) forms configuration D1.
Proof. Let y ∈ N(x) ∩ F , then xy ∈ E(G) − E∗. Pick a 5-cut-set T1 ⊇ {x, y} and let F1 be a T1-fragment. If F ⊆ T1,
as |F ∩ T1| = |F | ≥ 3, x ∈ N(F) ∩ T1, |T1| = 5, and thus |F ∩ T1| ≤ 1. Note that |F | ≥ 2, so we may assume
that F1 ∩ F 6= ∅, then |N(F) ∩ F1| ≥ |F ∩ T1| ≥ 3, and thus |N(F) ∩ F 1| ≤ 1; moreover, we have F ∩ F 1 = ∅,
so |F 1| = |N(F) ∩ F 1| = 1, F 1 ⊆ V5(G), xy ∈ E∗, a contradiction.
Without loss of generality, we may assume that F ∩ F1 6= ∅, if |F ∩ T1| + |T1 ∩ N(F)| + |N(F) ∩ F1| = 5, as xy 6∈ E∗,
then |F ∩ F1| ≥ 2. For fragment F ∩ F1, by Lemma 6, we know that Lemma 7 holds. If |F ∩ T1|+ |T1∩N(F)|+ |N(F)∩ F1| ≥ 6,
then F ∩ F 1 = ∅. Assume that F ∩ F 1 = ∅, as xy ∈ E(G) − E∗, then |F 1 ∩ N(F)| ≥ 2, |F ∩ T1| ≥ |F 1 ∩ N(F)| + 1 ≥ 3, and
thus |F ∩ T1| ≤ 1, F ∩ F1 = ∅, |F | = |F ∩ T1| ≤ 1, which contradicts |F | ≥ 2. Finally, consider the case that F ∩ F 1 6= ∅;
we claim that |F ∩ T1| + |T1 ∩ N(F)| + |N(F) ∩ F 1| = 5. For otherwise, |F ∩ T1| + |T1 ∩ N(F)| + |N(F) ∩ F 1| ≥ 6, then
F ∩ F1 = ∅, |F ∩ T1| = |F | ≥ 2, |F1 ∩ N(F)| ≥ |F ∩ T1| + 1 ≥ 3, |F 1 ∩ N(F)| ≥ |F ∩ T1| + 1 ≥ 3, and thus |N(F)| ≥ 7, a
contradiction. So, for fragment F ∩ F 1, by Lemma 6, we have that Lemma 7 holds. 
Lemma 8. Let G be a contraction critical 5-connected graph, F a fragment of G and x ∈ N(F). If N(F) ∩ M1(x) 6=
∅,N(F) ∩ M0(x) = ∅, F ∩ M0(x) = {u}, pick a minimal fragment A contained in F such that x ∈ N(A), N(A) ∩ M1(x) 6= ∅;
then:
(1) If u 6∈ A, then A ∪ N(A) forms configuration D1.
(2) If u ∈ A, then:
(i) when |A| = 2, then A ∪ N(A) forms configuration D2.
(ii) when |A| ≥ 3, then N(x)∩A = {u}, and there exists a vertex y ∈ N(x)∩N(u)∩N(A)∩V5(G) such that |A∩N(y)| = 3,
or |A ∩ N(y)| = 2 and |A ∩ N(y)| = 1.
T. Li, J. Su / Discrete Mathematics 309 (2009) 2870–2876 2873
Proof. (1) If u 6∈ A, by Lemma 6, A ∪ N(A) forms configuration D1.
(2) If u ∈ A, as A ⊆ F ,N(A) ⊆ F ∪ N(F), then A ∩ M0(x) = {u},N(A) ∩ M0(x) = ∅. Since N(A) ∩ M1(x) 6= ∅, we
have |A| ≥ 2.
(i) If |A| = 2, let A = {u, v}, y ∈ N(A)∩M1(x), we distinguish 4 cases, and then we can deduce a contradiction in Case 1,
Case 2, Case 3; and deduce that A ∪ N(A) forms configuration D2 in Case 4.
Case 1. If d(u) = 5, d(v) = 5, as xu ∈ E∗, xy ∈ E(G) − E∗ and A ∩ M0(x) = {u}, it follows that uy, vx 6∈ E(G),
then N(u) = {v} ∪ (N(A) − {y}), N(v) = {u} ∪ (N(A) − {x}). Since xu ∈ E∗, there is a vertex z ∈ N(A) − {x, y} such
that z ∈ V5(G), xz ∈ E(G), and thus xz ∈ E∗, that is z ∈ N(A) ∩M0(x), which contradicts N(A) ∩M0(x) = ∅.
Case 2. If d(u) = 5, d(v) = 6, as xu ∈ E∗, xy ∈ E(G) − E∗, it follows that uy 6∈ E(G), then N(u) = {v} ∪ (N(A) − {y}),
N(v) = {u} ∪ N(A). Note that xv ∈ E∗, that is v ∈ A ∩M0(x), which contradicts A ∩M0(x) = {u}.
Case 3. If d(u) = 6, d(v) = 6, then N(u) = {v} ∪ N(A), N(v) = {u} ∪ N(A). As xu ∈ E∗, there is a vertex z ∈ N(A)− {x}
such that z ∈ V5(G), xz ∈ E(G), and thus xv ∈ E∗, that is v ∈ A ∩M0(x), which contradicts A ∩M0(x) = {u}.
Case 4. If d(u) = 6, d(v) = 5, let N(A) = {y1, y2, y3, x, y}, then N(u) = {v} ∪ N(A). Since xy ∈ E(G) − E∗, it follows
that N(v) = {u} ∪ (N(A) − {y}) or N(v) = {u} ∪ (N(A) − {x}). Consider first the case that N(v) = {u} ∪ (N(A) − {y}),
as N(A) ∩ M0(x) = ∅ and d(v) = 5, then xy1, xy2, xy3 6∈ E(G). Pick a 5-cut-set T1 ⊇ {x, v} and let F1 be a T1-fragment. As
N(u) = {v} ∪ N(A), then u ∈ A ∩ T1. So, A ∩ T1 = A, and thus F1 ∩ N(A) 6= ∅ 6= F 1 ∩ N(A). Since vy, xy1, xy2, xy3 6∈ E(G),
then |F1∩N(A)| = 2 = |F 1∩N(A)|.Wemay assume that F1∩N(A) = {y2, y3}, F 1∩N(A) = {y, y1}, and thus y1y2, y1y3 6∈ E(G).
Again, pick a 5-cut-set T2 ⊇ {y1, v} and let F2 be a T2-fragment; then u ∈ A ∩ T2 and F2 ∩ N(A) 6= ∅ 6= F 2 ∩ N(A).
Since xy1, vy, y1y2, y1y3 6∈ E(G), then |F2 ∩ N(A)| = 2 = |F 2 ∩ N(A)|. Combining this with the fact that xy ∈ E(G), we may
assume that F2 ∩ N(A) = {y2, y3}, F 2 ∩ N(A) = {x, y}; hence, u, v ∈ T1 ∩ T2, x ∈ T1 ∩ F 2, y1 ∈ T2 ∩ F 1, {y2, y3} ⊆ F1 ∩ F2 6=
∅, y ∈ F 1∩F 2 6= ∅. So, F1∩F2 and F 1∩F 2 are fragments; thus,N(v)∩F 1∩F 2 6= ∅, which contradictsN(v) = {u, y1, y2, y3, x}.
Now consider the second case that N(v) = {u} ∪ (N(A) − {x}). By Lemma 5, we have |N(A) ∩ V5(G)| ≥ 3; then we may
assume that y1, y2 ∈ V5(G); then uv ∈ E∗. So, β(u) = 6 and A ∪ N(A) forms configuration D2.
(ii) If |A| ≥ 3, we first claim that N(x)∩A = {u}, for otherwise there is a vertex v ∈ A∩M1(x). Pick a 5-cut-set T1 ⊇ {x, v}
and let F1 be a T1-fragment. If A ⊆ T1, then |A ∩ T1| = |A| ≥ 3, |A ∩ T1| ≤ 1. Combining this with the fact that |A| ≥ 2, we
may assume that F1 ∩ A 6= ∅; then, |N(A) ∩ F1| ≥ |A ∩ T1| ≥ 3, and thus |N(A) ∩ F 1| ≤ 1; moreover, we have A ∩ F 1 = ∅,
so |F 1| = |N(A)∩ F 1| = 1, F 1 ⊆ V5(G), xv ∈ E∗, a contradiction. Without loss of generality, wemay assume that A∩ F1 6= ∅;
then, we get that |A∩T1|+|T1∩N(A)|+|N(A)∩F1| ≥ 6, for otherwise |A∩T1|+|T1∩N(A)|+|N(A)∩F1| = 5 and A∩F1 is a
fragment,which contradicts the choice ofA, and thusA∩F 1 = ∅. IfA∩F 1 6= ∅; similarly, |A∩T1|+|T1∩N(A)|+|N(A)∩F 1| ≥ 6
and A ∩ F1 = ∅. As |A ∩ T1| = |A| ≥ 2, we have |F1 ∩ N(A)| ≥ |A ∩ T1| + 1 ≥ 3, |F 1 ∩ N(A)| ≥ |A ∩ T1| + 1 ≥ 3, and
thus |N(A)| ≥ 7, a contradiction. If A∩ F 1 = ∅, as xv ∈ E(G)− E∗, we have |F 1 ∩N(A)| ≥ 2, |A∩ T1| ≥ |F 1 ∩N(A)| + 1 ≥ 3;
hence, |A ∩ T1| ≤ 1, A ∩ F1 = ∅, |A| = |A ∩ T1| ≤ 1, which contradicts |A| ≥ 2. So, N(x) ∩ A = {u}.
Since N(x) ∩ A = {u}, |A| ≥ 3, |A| ≥ 2, we have, by Lemma 2, that there is a vertex y ∈ N(x) ∩ N(u) ∩ N(A) ∩ V5(G).
Note that N(A) ∩ M0(x) = ∅; then y ∈ N(A) ∩ M1(x). Clearly, A ∩ N(y) 6= ∅, then |A ∩ N(y)| ≤ 3, and thus |A ∩ N(y)| = 3
or |A ∩ N(y)| ≤ 2.
If |A∩N(y)| ≤ 2, as |A| ≥ 3, then A∩{y} 6= ∅. ButN(x)∩(A∩{y}) = ∅, then |A∩N(y)|+|N(y)∩N(A)|+|N(A)∩{y}| ≥ 6;
hence, |A ∩ N(y)| ≥ 2. It follows that |A ∩ N(y)| = 2, and thus |A ∩ N(y)| ≤ 2. Next we deduce that |A ∩ N(y)| = 1.
If |A∩ N(y)| = 2, then N(y)∩ N(A) = {x}. Let A∩ N(y) = {u, s}, pick a 5-cut-set T1 ⊇ {s, y}, and let F1 be a T1-fragment.
If A ⊆ T1, then |A ∩ T1| = |A| ≥ 3, |A ∩ T1| ≤ 1. Note that |A| ≥ 2; we may assume that F1 ∩ A 6= ∅; then |N(A) ∩ F1| ≥
|A∩ T1| ≥ 3, and thus |N(A)∩ F 1| ≤ 1; moreover, we have A∩ F 1 = ∅, so |F 1| = |N(A)∩ F 1| = 1, F 1 ⊆ V5(G). Combining
this with the fact that N(y) ∩ N(A) = {x}, then F 1 = {x}, xs ∈ E(G), which contradicts N(x) ∩ A = {u}. Hence A 6⊆ T1.
Without loss of generality, we may assume that A ∩ F1 6= ∅, and we distinguish 3 cases.
Case 1. If x ∈ F1 ∩ N(A), we have that |A ∩ T1| + |T1 ∩ N(A)| + |N(A) ∩ F1| ≥ 6, for otherwise it contradicts the
choice of A; hence, A ∩ F 1 = ∅, |F1 ∩ N(A)| > |A ∩ T1|. If A ∩ F 1 6= ∅, then |F 1 ∩ N(A)| ≥ |A ∩ T1|, it follows
that |A ∩ T1| ≤ 1. Combining this with the fact that |A| ≥ 2, then A ∩ F1 6= ∅. Hence, A ∩ F 1 and A ∩ F1 are fragments.
SinceN(y)∩(A∩F 1) 6= ∅, A∩N(y) = {u, s}, then u ∈ A∩F 1, xu 6∈ E(G), a contradiction. If A∩F 1 = ∅, sinceN(y)∩N(A) = {x}
and x ∈ F1 ∩ N(A), then |F 1 ∩ N(A)| ≥ 2, |A ∩ T1| ≥ |F 1 ∩ N(A)| + 1 ≥ 3; hence, |A ∩ T1| ≤ 1, A ∩ F1 = ∅, then |A| = 1,
which contradicts |A| ≥ 2.
Case 2. If x ∈ T1∩N(A), we have that |A∩ T1|+ |T1∩N(A)|+ |N(A)∩ F1| ≥ 6, for otherwise it contradicts the choice of A;
hence, A∩ F 1 = ∅, |F1 ∩N(A)| > |A∩ T1|. If A∩ F 1 6= ∅, similarly A∩ F1 = ∅, |F 1 ∩N(A)| > |A∩ T1|. It follows that A = ∅, a
contradiction. If A∩F 1 = ∅, sinceN(y)∩N(A) = {x} and x ∈ T1∩N(A), then |F 1∩N(A)| ≥ 2, |A∩T1| ≥ |F 1∩N(A)|+1 ≥ 3;
hence, A ∩ T1 = ∅, A ∩ F1 = ∅, that is A = ∅, which contradicts |A| ≥ 2.
Case 3. If x ∈ F 1 ∩N(A), then |F1 ∩N(A)| ≥ |A∩ T1|. If A∩ F 1 6= ∅, we have that |A∩ T1| + |T1 ∩N(A)| + |N(A)∩ F 1| ≥ 6,
for otherwise it contradicts the choice of A; hence, A∩ F1 = ∅, |F 1∩N(A)| > |A∩T1|. It follows that |A∩T1| ≤ 1. Combining
this with the fact that |A| ≥ 2, then A ∩ F 1 6= ∅, and thus A ∩ F1 and A ∩ F 1 are both fragments. Since N(y) ∩ (A ∩ F1) 6=
∅, A ∩ N(y) = {u, s}, then u ∈ A ∩ F1, xu 6∈ E(G), a contradiction. If A ∩ F 1 = ∅, note that x ∈ F 1 ∩ N(A), then u ∈ A ∩ T1.
And as A ∩ N(y) = {u, s}, we have N(y) ∩ (A ∩ F1) = ∅, then |A ∩ T1| + |T1 ∩ N(A)| + |N(A) ∩ F1| ≥ 6; hence, A ∩ F 1 = ∅.
Since xs 6∈ E(G), then |F 1 ∩ N(A)| ≥ 2, |A∩ T1| ≥ |F 1 ∩ N(A)| + 1 ≥ 3; hence, |A∩ T1| ≤ 1, A∩ F1 = ∅, then |A| = 1, which
contradicts |A| ≥ 2.
So, |A ∩ N(y)| = 1 and the proof of Lemma 8 is completed. 
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Now, for V0 ⊆ V (G), we define β∗(V0) = 1|V0|
∑
x∈V0 β(x).
Lemma 9. Let G be a contraction critical 5-connected graph; then there exists a partition of V (G): (V1, V2, . . . , Vt), which
satisfies the condition that, for any i ∈ {1, 2, . . . , t}, we have β∗(Vi) ≥ 3.
Proof. Let W = {x ∈ V (G)|β(x) ≤ 2}. Firstly, we deduce that, for any x ∈ W , there exist vertices x1, x2, . . . , xk
corresponding to x such that β∗({x, x1, x2, . . . , xk}) ≥ 3. For the value of β(x), we distinguish 3 cases.
Case 1. β(x) = 0. Pick a fragment F such that x ∈ N(F),N(F) ∩ M1(x) 6= ∅. By Lemma 6, there exists a fragment A
contained in F such that A ∪ N(A) forms configuration D1. Pick a 5-cut-set T1 ⊇ {x, vx}; then v ∈ T1. Let F1 be a T1-
fragment; clearly F1 ∩ N(A) 6= ∅ 6= F 1 ∩ N(A). Since β(x) = 0, then xy1, xy2, xz 6∈ E(G), note that vxy 6∈ E(G);
hence, |F1 ∩ N(A)| = 2 = |F 1 ∩ N(A)|. We may assume F1 ∩ N(A) = {y1, y2}, F 1 ∩ N(A) = {y, z}. For fragments F1, F 1,
we have, by Lemma 6, that v1 ∈ F1, v2 ∈ F 1 such that v1, v2 ∈ V5(G), β(v1) = β(v2) = 4. Let vx, v1, v2 correspond to x,
then β∗({x, vx, v1, v2}) = 0+4+4+44 = 3.
Case 2. β(x) = 1,M0(x) = {u}. Pick a fragment F such that x ∈ N(F),N(F) ∩M1(x) 6= ∅. If u ∈ N(F), for fragments F , F ,
by Lemma 6, there exist v1 ∈ F , v2 ∈ F such that v1, v2 ∈ V5(G), β(v1) = β(v2) = 4. Let v1, v2 correspond to x,
then β∗({x, v1, v2}) = 1+4+43 = 3. If u 6∈ N(F), we may assume u ∈ F . By Lemma 8, we can pick a fragment A, and
if u 6∈ A, by (1) of Lemma 8, there exists v1 ∈ F such that v1 ∈ V5(G), β(v1) = 4. For fragment F , by Lemma 6, there
exists v2 ∈ F such that v2 ∈ V5(G), β(v2) = 4. Let v1, v2 correspond to x, then β∗({x, v1, v2}) = 1+4+43 = 3.
If u ∈ A, by (2) of Lemma 8, if |A| = 2, A ∪ N(A) forms configuration D2, let u correspond to x, then β∗({x, u}) = 1+62 =
7
2 ≥ 3.
We then consider the situation of u ∈ A and |A| ≥ 3.
If |A ∩ N(y)| = 3. Let N(y) ∩ A = {t}. If |A| = 2, let A = {t, v}, then v ∈ V5(G),N(v) = (N(A)− {y}) ∪ {t}. As d(x) ≥ 5
andN(x)∩A = {u}, there is a vertex z ∈ N(A)∩{y} such that xz ∈ E∗, a contradiction. Hence, |A| ≥ 3, note that N(y)∩A = {t},
by Lemma 2, x ∈ V5(G), xt ∈ E(G), then xt ∈ E∗, a contradiction.
If |A ∩ N(y)| = 2, |A ∩ N(y)| = 1. Let A ∩ N(y) = {s, u},N(A) ∩ N(y) = {x, y1}, A ∩ N(y) = {t}, {y} ∩ N(A) = {y2, y3}.
If |A| = 2, let A = {t, v}, then v ∈ V5(G) ∩ A ∩ {y},N(v) = (N(A) − {y}) ∪ {t}. Since M0(x) = {u} and d(y) = 5, then
xt, xy1 6∈ E(G). Note that N(x)∩ A = {u} and d(x) ≥ 5, it follows that xy2, xy3 ∈ E(G); hence, xy2, xy3 ∈ E∗, a contradiction.
If |A| ≥ 3, as N(y) ∩ A = {t}, by Lemma 2, we have y1 ∈ V5(G), y1t ∈ E(G).
If sy1 6∈ E(G), pick a 5-cut-set T1 ⊇ {s, y} and let F1 be a T1-fragment. If A ⊆ T1, then |A ∩ T1| = |A| ≥ 3, |A ∩ T1| ≤ 1.
Note that |A| ≥ 2; we may assume that F1 ∩ A 6= ∅, then |N(A) ∩ F1| ≥ |A ∩ T1| ≥ 3, and thus |N(A) ∩ F 1| ≤ 1; moreover,
we have A ∩ F 1 = ∅, so |F 1| = |N(A) ∩ F 1| = 1, F 1 ⊆ V5(G). But xs 6∈ E(G), then F 1 = {y1}, y1s ∈ E(G), a contradiction.
Hence, A 6⊆ T1. Without loss of generality, we may assume that A ∩ F1 6= ∅, and we distinguish 3 cases.
(2.1) If x ∈ F1 ∩ N(A), we have that |A ∩ T1| + |T1 ∩ N(A)| + |N(A) ∩ F1| ≥ 6, for otherwise it contradicts the
choice of A, and thus A ∩ F 1 = ∅, |F1 ∩ N(A)| > |A ∩ T1|. If A ∩ F 1 6= ∅, then |F 1 ∩ N(A)| ≥ |A ∩ T1|, it follows
that |A ∩ T1| ≤ 1. Combining this with the fact that |A| ≥ 2, then A ∩ F1 6= ∅. Hence, A ∩ F 1 and A ∩ F1 are both
fragments. Since N(y) ∩ (A ∩ F 1) 6= ∅, A ∩ N(y) = {u, s}, then u ∈ A ∩ F 1, xu 6∈ E(G), a contradiction. If A ∩ F 1 = ∅, since
N(y)∩N(A) = {x, y1} and sy1 6∈ E(G), then |F 1∩N(A)| ≥ 2, |A∩T1| ≥ |F 1∩N(A)|+1 ≥ 3, and thus |A∩T1| ≤ 1, A∩F1 = ∅,
then |A| = 1, which contradicts |A| ≥ 2.
(2.2) If x ∈ T1 ∩ N(A), we have that |A∩ T1| + |T1 ∩ N(A)| + |N(A)∩ F1| ≥ 6, for otherwise it contradicts the choice of A;
hence, A∩ F 1 = ∅, |F1 ∩N(A)| > |A∩ T1|. If A∩ F 1 6= ∅, similarly A∩ F1 = ∅, |F 1 ∩N(A)| > |A∩ T1|. It follows that A = ∅, a
contradiction. If A∩F 1 = ∅, sinceN(y)∩N(A) = {x, y1} and sy1 6∈ E(G), then |F 1∩N(A)| ≥ 2, |A∩T1| ≥ |F 1∩N(A)|+1 ≥ 3,
and thus A ∩ T1 = ∅, A ∩ F1 = ∅, that is A = ∅, which contradicts |A| ≥ 2.
(2.3) If x ∈ F 1∩N(A), then |F1∩N(A)| ≥ |A∩ T1|. If A∩ F 1 6= ∅, we have that |A∩ T1|+ |T1∩N(A)|+ |N(A)∩ F 1| ≥ 6, for
otherwise it contradicts the choice of A; hence, A ∩ F1 = ∅, |F 1 ∩ N(A)| > |A ∩ T1|. It follows that |A ∩ T1| ≤ 1. Combining
this with the fact that |A| ≥ 2, then A ∩ F 1 6= ∅; hence, A ∩ F1 and A ∩ F 1 are both fragments. Since N(y) ∩ (A ∩ F1) 6=
∅, A ∩ N(y) = {u, s}, then u ∈ A ∩ F1, xu 6∈ E(G), a contradiction. If A ∩ F 1 = ∅, note that x ∈ F 1 ∩ N(A), then u ∈ A ∩ T1.
And as A∩ N(y) = {u, s}, we have N(y)∩ (A∩ F1) = ∅, then |A∩ T1| + |T1 ∩ N(A)| + |N(A)∩ F1| ≥ 6, and thus A∩ F 1 = ∅.
Since xs 6∈ E(G), then |F 1 ∩ N(A)| ≥ 2, |A∩ T1| ≥ |F 1 ∩ N(A)| + 1 ≥ 3; hence, |A∩ T1| ≤ 1, A∩ F1 = ∅, then |A| = 1, which
contradicts |A| ≥ 2.
So, sy1 ∈ E(G). Since |A| ≥ 3, then |A ∩ {y}| ≥ 2. If |A ∩ {y}| = 2, let A ∩ {y} = {v1, v2}. Since d(x) ≥ 5,N(x)− {u, y} ⊆
{y}− A, then xy2 or xy3 ∈ E(G), and wemay assume xy2 ∈ E(G). By Lemma 6, (A∩ {y})∪N(A∩ {y}) forms configuration D1.
We may assume that xv2 6∈ E(G), note that d(x) ≥ 5, then xy3 ∈ E(G), xy3 ∈ E∗, a contradiction. Hence, |A ∩ {y}| ≥ 3.
SinceN(x)∩(A∩{y}) = ∅, then N(y1)∩(A∩{y}) 6= ∅,N(y1)∩(A∩{y}) 6= ∅. Letw ∈ N(y1)∩(A∩{y}), v1 ∈ N(y1)∩(A∩{y}),
and thusN(y1) = {s, y, t, w, v1}. As |A∩{y}| ≥ 3,N(y1)∩(A∩{y}) = {v1}, and, by Lemma 2, we have t ∈ V5(G), v1t ∈ E(G).
For fragment A ∩ {y}, there exists, by Lemma 7, a vertex vx ∈ A ∩ {y} such that vx ∈ V5(G), β(vx) = 4. We will distinguish
between 3 subcases for the value of |A ∩ {y}| below.
Subcase 1. |A ∩ {y}| ≥ 3. As N(y1) ∩ (A ∩ {y}) = {w} and using Lemma 2, we have s ∈ V5(G), sw ∈ E(G). Now we
have found a special configuration D3 around x: y ∈ N(A),N(y) ∩ A = {s, u},N(y) ∩ N(A) = {x, y1},N(y) ∩ A = {t},
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w ∈ A ∩ {y}, v1 ∈ A ∩ {y},N(y1) = {w, s, y, t, v1}, s, t, y, y1 ∈ V5(G), ws, tv1 ∈ E(G), β(y1) = 5, ux ∈ E∗. In this
configuration D3, let y1 correspond to x. Aswv1 6∈ E(G) and noting the feature of this configuration, then each vertex y1 lies
in configuration D3 with at most two vertices: x and u. We will deal with this situation S1 at the end of the proof.
Subcase 2. |A ∩ {y}| = 1, then A ∩ {y} = {w}, w ∈ V5(G),N(w) = {s, u, y1, y2, y3}. Since xy ∈ E(G)− E∗, then d(u) ≥ 6,
note that uy1 6∈ E(G); hence, d(u) = 6,N(u) = {x, y, s, w, y2, y3}. Pick a 5-cut-set T1 ⊇ {y1, w}, and then u ∈ T1.
Let F1 be a T1-fragment. If s ∈ T1, then |A ∩ T1| ≤ 1. Combining this with the fact that |A| ≥ 2, we may assume
that F1 ∩ A 6= ∅, then |N(A) ∩ F1| ≥ |A ∩ T1| ≥ 3, and thus |N(A) ∩ F 1| ≤ 1; moreover, we have A ∩ F 1 = ∅, so
|F 1| = |N(A) ∩ F 1| = 1, F 1 ⊆ V5(G), then there is a vertex in N(A) adjacent to u, s, w, y1, a contradiction. We may
assume s ∈ F1. Clearly N(A)∩ F 1 6= ∅. If |N(A)∩ F 1| = 1, then A∩ F 1 = ∅, and there is a vertex in N(A) adjacent to u, w, y1,
a contradiction. Hence, |N(A) ∩ F 1| ≥ 2, it follows that s ∈ V5(G), β(y1) = 5, β(u) = 6. Now we also have a configuration
D3 around x, and we let y1 correspond to x, then β∗({x, y1}) = 1+52 = 3. Since β(u) = 6, then each vertex y1 lies in
configuration D3 with at most one vertex x ∈ W .
Subcase 3. |A ∩ {y}| = 2. Let A ∩ {y} = {w1, w2}, of which w1 = w. Let B = A ∩ {y}, note that |N(B)| = 5; thus, B is a
fragment. Since y1w2, xw2 6∈ E(G), then w2 ∈ V5(G),N(w2) = {w1, s, u, y2, y3}. If d(s) ≥ 6, then |N(s) ∩ {u, y2, y3}| ≥ 2.
Pick a 5-cut-set T1 ⊇ {y1, w1} and let F1 be a T1-fragment; then w2 ∈ T1. Clearly, F1 ∩ N(B) 6= ∅ 6= F 1 ∩ N(B).
Since d(s) ≥ 6, y1u, y1y2, y1y3 6∈ E(G), then |F1 ∩ N(B)| = 2 = |F 1 ∩ N(B)|. We may assume that s ∈ N(B) ∩ F1,
then |N(s) ∩ {u, y2, y3}| ≤ 1, a contradiction. Hence, s ∈ V5(G). If sw1 6∈ E(G), then |N(s) ∩ {u, y2, y3}| ≥ 2. Pick a
5-cut-set T1 ⊇ {y1, w1}, and we can deduce a contradiction as above. So, sw1 ∈ E(G), β(y1) = 5. If us ∈ E(G), since
d(u) ≥ 6, then N(u) ∩ {y2, y3} 6= ∅, and thus β(u) ≥ 3. If us 6∈ E(G), combining this with the fact that d(u) ≥ 6,
then uy2, uy3 ∈ E(G), uy2, uy3 ∈ E∗, we also have β(u) ≥ 3. Now we also have a configuration D3 around x, and we let y1
correspond to x, then β∗({x, y1}) = 1+52 = 3. Since β(u) ≥ 3, then each vertex y1 lies in configuration D3 with at most one
vertex x ∈ W .
Case 3. β(x) = 2,M0(x) = {u, v}. Pick a fragment F such that x ∈ N(F),N(F) ∩M1(x) 6= ∅.
If {u, v} ⊆ F ∪ N(F) or F ∪ N(F) then, by Lemma 6, there exists a vertex vx ∈ F or F such that vx ∈ V5(G), β(vx) = 4.
Let vx correspond to x, then β∗({x, vx}) = 2+42 = 3.
If u ∈ F , v ∈ F , by Lemma 8, if for F wehave that (1) holds, then there exists a vertex vx ∈ F such that vx ∈ V5(G), β(vx) =
4. Let vx correspond to x, then β∗({x, vx}) = 2+42 = 3.
We consider the situation that (2) of Lemma 8 holds for F below. Let N(A) = {x, y, y1, y2, y3}.
If |A| = 2, let u correspond to x, then β∗({x, u}) = 2+62 = 4 > 3.
If |A| ≥ 3 and |A ∩ N(y)| = 3. Let A ∩ N(y) = {t}. If |A| = 2, as d(x) ≥ 5, then there exists a vertex z ∈ N(A) ∩ {y} such
that xz ∈ E∗, a contradiction. Hence |A| ≥ 3, note that N(y) ∩ A = {t} then, by Lemma 2, we have x ∈ V5(G), xt ∈ E∗, and
thus t = v, |A ∩ {y}| ≥ 2, we denote this case by B.
If |A| ≥ 3 and |A ∩ N(y)| = 2, |A ∩ N(y)| = 1.
(a) If v ∈ A ∩ N(y), when |A| = 2, since d(x) ≥ 5, then there exists a vertex z ∈ N(A) ∩ {y} such that xz ∈ E∗, a
contradiction. Hence |A| ≥ 3, |A ∩ {y}| ≥ 2, we denote this case by C . For cases B, C , if |A ∩ {y}| ≥ 3 then, by Lemma 7,
there exists a vertex vx ∈ A ∩ {y} such that vx ∈ V5(G), β(vx) = 4. Let vx correspond to x, then β∗({x, vx}) = 2+42 = 3.
If |A ∩ {y}| = 2, let D = A ∩ {y} = {v1, v2}; clearly, D is a fragment. If N(x) ∩ {y1, y2, y3} 6= ∅ then, by Lemma 6, there
exists a vertex vx ∈ A ∩ {y} such that vx ∈ V5(G), β(vx) = 4. Let vx correspond to x, then β∗({x, vx}) = 2+42 = 3.
If N(x) ∩ {y1, y2, y3} = ∅, note that d(x) ≥ 5, and then xv1, xv2 ∈ E(G), x ∈ V5(G). Now D ∪ N(D) has only two cases:
N(v1) = {x, v, y1, y2, y3},N(v2) = {x, v, y1, y2, y3} or N(v1) = {x, v, y1, y2, y3, v2},N(v2) = {x, v, y1, y2, y3, v1}. For the
two cases, pick a 5-cut-set T1 ⊇ {x, v1}, and let F1 be a T1-fragment; then v2 ∈ T1. Clearly, F1 ∩ N(D) 6= ∅ 6= F 1 ∩ N(D).
Since d(v) ≥ 6,N(x) ∩ {y1, y2, y3} = ∅, then |F1 ∩ N(D)| = 2 = |F 1 ∩ N(D)|. We may assume that F1 ∩ N(D) =
{y1, y2}, F 1 ∩ N(D) = {v, y3}, and then vy1, vy2 6∈ E(G); it follows that v ∈ V5(G), which contradicts d(v) ≥ 6.
(b) If v ∈ A ∩ {y}, let A ∩ N(y) = {s, u},N(A) ∩ N(y) = {x, y1}, A ∩ N(y) = {t}, {y} ∩ N(A) = {y2, y3}. When |A| = 2,
as d(x) ≥ 5, then there exists a vertex z ∈ N(A)∩{y} such that xz ∈ E∗, a contradiction. Hence, |A| ≥ 3. Note that A∩N(y) =
{t}; by Lemma 2, we have y1 ∈ V5(G), y1t ∈ E(G). If sy1 6∈ E(G), pick a 5-cut-set T1 ⊇ {s, y}, and we can deduce a
contradiction by using an argument similar to that of Case 2. Hence, sy1 ∈ E(G),N(y1)∩(A∩{y}) 6= ∅,N(y1)∩(A∩{y}) 6= ∅,
let w ∈ N(y1) ∩ (A ∩ {y}), v1 ∈ N(y1) ∩ (A ∩ {y}), and thus N(y1) = {s, y, t, w, v1}. If |A ∩ {y}| = 2, combining this with
the fact that d(x) ≥ 5, then xy2 or xy3 ∈ E(G); hence, (A ∩ {y}) ∪ N(A ∩ {y}) forms configuration D2. Let v correspond to x,
then β∗({x, v}) = 2+62 = 4. If |A∩ {y}| ≥ 3, note that N(y1)∩ (A∩ {y}) = {v1}, by Lemma 2 we have t ∈ V5(G), v1t ∈ E(G).
We distinguish between 3 subcases for the value of |A ∩ {y}| in the work below.
Subcase 1. |A ∩ {y}| ≥ 3. As N(y1) ∩ (A ∩ {y}) = {w} and using Lemma 2 we have s ∈ V5(G), sw ∈ E(G). Now we have
found a configuration D3 around x, let y1 correspond to x. As wv1 6∈ E(G) and noting the feature of this configuration, then
each vertex y1 lies in configuration D3 with at most two vertices: x and u. We will deal with this situation S2 at the end of
the proof.
Subcase 2. |A ∩ {y}| = 1, then A ∩ {y} = {w}, w ∈ V5(G),N(w) = {s, u, y1, y2, y3}. Since xy ∈ E(G)− E∗, then d(u) ≥ 6,
note that uy1 6∈ E(G); hence, d(u) = 6,N(u) = {x, y, s, w, y2, y3}. Pick a 5-cut-set T1 ⊇ {y1, w}, and then u ∈ T1.
Let F1 be a T1-fragment. If s ∈ T1, then |A ∩ T1| ≤ 1. Combining this with the fact that |A| ≥ 2, we may assume
that F1 ∩ A 6= ∅, then |N(A) ∩ F1| ≥ |A ∩ T1| ≥ 3, and thus |N(A) ∩ F 1| ≤ 1; moreover, we have A ∩ F 1 = ∅, so
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|F 1| = |N(A) ∩ F 1| = 1, F 1 ⊆ V5(G); then there is a vertex in N(A) adjacent to u, s, w, y1, a contradiction. We may
assume s ∈ F1. Clearly, N(A)∩ F 1 6= ∅. If |N(A)∩ F 1| = 1, then A∩ F 1 = ∅, and there is a vertex in N(A) adjacent to u, w, y1,
a contradiction. Hence, |N(A) ∩ F 1| ≥ 2, it follows that s ∈ V5(G), β(y1) = 5, β(u) = 6. Now we also have a configuration
D3 around x, and we let y1 correspond to x, and then β∗({x, y1}) = 2+52 > 3. Since β(u) = 6, then each vertex y1 lies in
configuration D3 with at most one vertex x ∈ W .
Subcase 3. |A ∩ {y}| = 2. Let A ∩ {y} = {w1, w2}, of which w1 = w. Let B = A ∩ {y}, note that |N(B)| = 5; thus, B is a
fragment. Since y1w2, xw2 6∈ E(G), then w2 ∈ V5(G),N(w2) = {w1, s, u, y2, y3}. If d(s) ≥ 6, then |N(s) ∩ {u, y2, y3}| ≥ 2.
Pick a 5-cut-set T1 ⊇ {y1, w1} and let F1 be a T1-fragment; then w2 ∈ T1. Clearly, F1 ∩ N(B) 6= ∅ 6= F 1 ∩ N(B).
Since d(s) ≥ 6, y1u, y1y2, y1y3 6∈ E(G), then |F1 ∩ N(B)| = 2 = |F 1 ∩ N(B)|. We may assume that s ∈ N(B) ∩ F1,
then |N(s) ∩ {u, y2, y3}| ≤ 1, a contradiction. Hence, s ∈ V5(G). If sw1 6∈ E(G), then |N(s) ∩ {u, y2, y3}| ≥ 2. Pick a
5-cut-set T1 ⊇ {y1, w1}, and we can deduce a contradiction as above. So, sw1 ∈ E(G), β(y1) = 5. If us ∈ E(G), since
d(u) ≥ 6, then N(u) ∩ {y2, y3} 6= ∅, and thus β(u) ≥ 3. If us 6∈ E(G), combining this with the fact that d(u) ≥ 6,
then uy2, uy3 ∈ E(G), uy2, uy3 ∈ E∗, we also have β(u) ≥ 3. Now we also have a configuration D3 around x, and we let y1
correspond to x, then β∗({x, y1}) = 2+52 > 3. Since β(u) ≥ 3, then each vertex y1 lies in configuration D3 with at most one
vertex x ∈ W .
We now complete the proof of Lemma 9. We can obtain the required partition of V (G) in the following way. Pick
any x1 ∈ W . We denote x1, and the set of vertices corresponding to x1 in the proof above by V1; then pick x2 ∈ W − V1. We
denote x2 and the set of vertices corresponding to x2 in the proof above by V2, . . ., and then pick xi ∈ W−V1−V2−· · ·−Vi−1.
We denote xi and the set of vertices corresponding to xi in the proof above by Vi. LetW −V1−V2−· · ·−Vt−2 = {xt−1}. We
denote xt−1 and the set of vertices corresponding to xt−1 in the proof above by Vt−1. Let Vt = V (G)− V1 − V2 − · · · − Vt−1.
In the process, we deal with the two special situations S1 and S2 in the following way.
When we pick xi ∈ W −V1−V2−· · ·−Vi−1 and encounter the situation S1, then β(xi) = 1, and there is a configuration
D3 around xi. For u, we distinguish 2 cases:
(1) u 6∈ W or u = xj (1 ≤ j < i), let y1 correspond to xi, then β∗({xi, y1}) = 1+52 = 3.
(2) u ∈ W and u 6= xj (1 ≤ j < i). If β(u) = 1, for u by the proof above, there is a D1 or D2 configuration around u;
then we can find a vertex vu in the configuration such that β(vu) = 4 or β(vu) = 6. Let y1, u, vu, vxi correspond to xi,
then β∗({xi, y1, u, vu, vxi}) ≥ 1+5+1+4+45 = 3. If β(u) = 2, let y1, u, vxi correspond to xi, then β∗({xi, y1, u, vxi}) =
1+5+2+4
4 = 3.
When we pick xi ∈ W − V1− V2− · · · − Vi−1 and encounter the situation S2, then β(xi) = 2 and there is a configuration
D3 around xi. For uwe distinguish 2 cases:
(1) u 6∈ W or u = xj (1 ≤ j < i), let y1 correspond to xi; then β∗({xi, y1}) = 2+52 > 3.
(2) u ∈ W and u 6= xj (1 ≤ j < i). If β(u) = 1, for u by the proof above, there is a D1 or D2 configuration around
u, then we can find a vertex vu in the configuration such that β(vu) = 4 or β(vu) = 6. Let y1, u, vu correspond to xi,
then β∗({xi, y1, u, vu}) ≥ 2+5+1+44 = 3. If β(u) = 2, let y1, u correspond to xi, then β∗({xi, y1, u}) = 2+5+23 = 3.
We now obtain (V1, V2, . . . , Vt). Note the fact that in configuration D1, d(vx) = 5, β(vx) = 4, and each vertex vx
lies in configuration D1 with at most one vertex x; in configuration D2, d(u) = 6, β(u) = 6, and each vertex u lies
in configuration D2 with at most one vertex x; in configuration D3, d(y1) = 5, β(y1) = 5, and each vertex y1 lies in
configuration D3 with at most one vertex x ∈ W except situations S1, S2. So, the sets Vi are disjoint, and (V1, V2, . . . , Vt)
is a partition of V (G) such that for every i ∈ {1, 2, . . . , t}, we have β∗(Vi) ≥ 3. 
We now complete the proof of Theorem 4. By Lemma 9 we can easily obtain that 2|E∗| =∑x∈V (G) β(x) =∑x∈V1 β(x)+∑
x∈V2 β(x)+ · · · +
∑
x∈Vt β(x) ≥ 3|V1| + 3|V2| + · · · + 3|Vt | = 3|G|. So, |E∗| ≥ 32 |G|.
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